Rules for integrands of the form (c + dx)" Trig[a + bx]" Trig[a + b x]°?

1. -J-(c+dx)'“Trig[a+bx]"Trig[a+bx]pd1x
1. J(c+dx)'"sin[a+bx]“Cos[a+bx]"dlx

1: J(c+dx)mSin[a+bx]"Cos[a+bx] dx whenmez* A n#-1

Derivation: Integration by parts

Basis:Sin[a + bx]" Cos[a + b x] == Ox b (n+1)

Rule:lf me z* A n £ -1, then

(c+dx)"Sin[a + bx]™? dm

b (n+1) ) b (n+1)

j(c+dx)'"Sin[a+bx]"Cos[a+bx] dx — J(c+dx)m'1sin[a+bx]"+1dx

Program code:

Int[(c_.+d_.#x_)"m_.*Sin[a_.+b_.*x_]"n_.xCos[a_.+b_.#x_],x_Symbol] :
(c+d*x)Am*Sin[a+b*x]A(n+1)/(b*(n+1)) -
d+m/ (bx (n+1) ) *Int [ (c+d#x)~ (m-1) xSin[a+bxx]~ (n+1) ,x] /3
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]

Int[(c_.+d_.#x_)"m_.«Sin[a_.+b_.+x_]*Cos[a_.+b_.+x_]"n_.,x_Symbol] :
- (c+d*x) “mxCos [a+b*x]”~ (n+1) / (b*x (n+1)) +
dxm/ (bx (n+1) ) *Int[ (c+d*x) " (m-1) xCos [a+bxx]” (n+1) ,x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

2: J(c+dx)’“Sin[a+bx]"Cos[a+bx]Pdlx when (n | p) € Z*

Derivation: Algebraic expansion

Rule:If (n | p) € z*, then

J(c+dx)’"Sin[a+bx]"Cos[a+bx]pd1x — J(c+dx)’"TrigReduce[Sin[a+bx]"Cos[a+bx]"] dx

Program code:

Int[(c_.+d_.#x_)"m_.*Sin[a_.+b_.*x_]"n_.xCos[a_.+b_.#x_]"p_.,x_Symbol]| :=
Int[ExpandTrigReduce[ (c+dxx)~m,Sin[a+bxx]~n«Cos [a+bxx]"p,x],x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[n,0] && IGtQ[p,0]

2: j(c+dx)"‘5in[a+bx]"Tan[a+bx]"d1x when (n | p) ezZ*

Derivation: Algebraic expansion

Basis:Sin[z]%2Tan[z]? == -Sin[z]? + Tan[z]?
Rule:If (n | p) € z*, then

J(c+dx)"‘Sin[a+bx]"Tan[a+bx]pdlx —

—J(c+dx)’“Sin[a+bx]"Tan[a+bx]p‘2dlx+J(c+dx)'“Sin[a+bx]"'2Tan[a+bx]Pd1x

Program code:

Int[(c_.+d_.#x_)"m_.+Sin[a_.+b_.*x_]"n_.«Tan[a_.+b_.+x_]"p_.,x_Symbol] :=
-Int [ (c+d#x)"m#Sin[a+bxx]”n«Tan[a+bxx]" (p-2),x]| + Int[(c+d=x)”mxSin[a+bxx]~(n-2)=«Tan[a+bxx]"p,x]| /;
FreeQ[{a,b,c,d,m},x] & & IGtQ[n,0] && IGtQ[p,0]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

Int[(c_.+d_.*x_)"m_.xCos[a_.+b_.*x_]”n_.xCot[a_.+b_.*x_]"p_.,x_Symbol] :=
-Int[ (c+d*x) *mxCos [a+b*xx] nxCot[a+bxx]”" (p-2),x] + Int[ (c+dxx)” mxCos[a+b*x]”" (n-2)xCot[a+bxx]”p,x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[n,0] && IGtQ[p,0]

3. J(c+dx)’“Sec[a+bx]“Tan[a+bx]"dlx

1: J(c+dx)mSec[a+bx]"Tan[a+bx] dx whenm>®

Derivation: Integration by parts

Basis:Sec[a+bx]"Tan[a + b x] == Oy Si?nw_
Note: Dummy exponent p === 1 required in program code so InputForm of integrand is recognized.

Rule: If m > @, then

c+dx)"Sec[a+bx]" dm
(€+dx) N (a+bxl - (c+dx)™?sec[a+bx]"dx
n n

J(c+dx)“‘Sec[a+bx]”Tan[a+bx] dx —

Program code:

Int[(c_.+d_.*x_)"m_.xSec[a_.+b_.*x_]”n_.xTan[a_.+b_.*x_]”"p_.,x_Symbol] :
(c+d*x) “mxSec [a+bxx]~n/ (bxn) -
dxm/ (bxn) *Int[ (c+d*x)” (m-1) *Sec[a+b*x]”*n,x] /;

FreeQ[{a,b,c,d,n},x] && EqQ[p,1] && GtQ[m,0]

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.*x_]”n_.xCot[a_.+b_.*x_]”"p_.,x_Symbol] :
- (c+d*x) *mxCsc [a+bxx]”~n/ (bxn) +
dxm/ (bxn) *Int[ (c+d*x)” (m-1) xCsc[a+bxx]"n,x] /;

FreeQ[{a,b,c,d,n},x] && EqQ[p,1] && GtQ[m,0]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

2: J(c+dx)’“Sec[a+bx]ZTan[a+bx]"dlx whenmezZ* A n#-1

Derivation: Integration by parts

Basis: Sec[a +bx]%2Tan[a+bx]" == XT%["’Z;—?SM

Rule:lf me z* A n # -1, then

(c+dx)"Tan[a + b x]™? dm

b (n+1) ) b (n+1)

J(c+dx)"‘Sec[a+bx]2Tan[a+bx]"d1x — J(c+dx)""1Tan[a+bx]"+1cﬂx

Program code:

Int[(c_.+d_.*x_)"m_.xSec[a_.+b_.xx_]”2xTan[a_.+b_.*x_]”n_.,x_Symbol] :=
(c+d*xx) *mxTan[a+bxx]~ (n+1) / (bx (n+1)) -
dxm/ (bx (n +1)) *Int[ (c+d*x)” (m-1) *Tan[a+bxx]” (n+1),x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.xx_]”2xCot[a_.+b_.*x_]”n_.,x_Symbol] :=
- (c+d*x) “mxCot [a+b*x]”~ (n+1) / (b* (n+1)) +
dxm/ (bx (n +1)) *Int[ (c+dxx)” (m-1) xCot [a+bxx]” (n+1),x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

3: J(c+dx)"‘Sec[a+bx]“Tan[a+bx]Pd1x when gez"

Derivation: Algebraic expansion
Basis: Tan[z]2 == -1 + Sec[z]?
Rule: Ifg— e 7%, then

J(c+dx)"‘Sec[a+bx]"Tan[a+bx]"dlx —

—j(c+dx)'"Sec[a+bx]"Tan[a+bx]p‘2d1x+j(c+dx)’"Sec[a+bx]"+2Tan[a+bx]p‘2d]x

Program code:

Int[(c_.+d_.*x_)"m_.xSec[a_.+b_.*x_]*Tan[a_.+b_.*x_]"p_,x_Symbol] :=
-Int[ (c+d*x) *mxSec[a+bxx]*Tan[a+bxx]” (p-2),Xx] + Int[ (c+dxx)” mxSec[a+bxx]”*3xTan[a+bxx]” (p-2),x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xSec[a_.+b_.*x_]”n_.xTan[a_.+b_.*x_]”~p_,x_Symbol] :=
-Int[ (c+d*x) *mxSec[a+bxx] nxTan[a+bxx] " (p-2),x] + Int[ (c+dxx)” mxSec[a+b*x]” (n+2)*Tan[a+bxx]" (p-2),x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.*x_]xCot[a_.+b_.*x_]”"p_,x_Symbol] :=
-Int[ (c+dxx) *mxCsc[a+bxx] *Cot[a+bxXx]”" (p-2),x] + Int[ (c+d*Xx)” mxCsc[a+bxx]”*3xCot[a+bxx]"(p-2),x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.*x_]”n_.xCot[a_.+b_.*x_]~p_,x_Symbol] :=
-Int[ (c+d*x) *mxCsc[a+bxx]*nxCot [a+bxx] " (p-2),Xx] + Int[ (c+dxx)” mxCsc[a+b*x]” (n+2)xCot[a+bxx]" (p-2),x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p/2,0]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

4: J(c+dx)"‘Sec[a+bx]"Tan[a+bx]Pdlx when me z* A (%ez \% %ez)

Derivation: Integration by parts
Rule:lf me z* A (% €Z V %1 eZ),letu = JSec[a+bx]”Tan[a+bx]pdlx,then

J}c+dxﬂ%eqa+beTaMa+bﬂpdx—au(c+dmm—deL(c+de4dx

Program code:

Int[(c_.+d_.*x_)"m_.*xSec[a_.+b_.*x_]1”~n_.xTan[a_.+b_.*x_]"p_.,x_Symbol] :=
Module [ {u=IntHide[Sec[a+b+x]~nxTan[a+b*x]"p,x]},
Dist[ (c+d#x)"m,u,x] - dsmxInt[(c+dxx)”(m-1)#u,x]] /;
FreeQ[{a,b,c,d,n,p},x] &% IGtQ[m,0] &% (IntegerQ[n/2] || IntegerQ[ (p-1)/2])

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.*x_]”n_.xCot[a_.+b_.*x_]"p_.,x_Symbol] :=
Module [ {u=IntHide [Csc[a+b*Xx] nxCot [a+b*x]"p,x]},
Dist[ (c+d*x)m,u,x] - d*m*Int[(c+d*x)"(m—1)*u,x]] /5
FreeQ[{a,b,c,d,n,p},x] && IGtQ[m,0] && (IntegerQ[n/2] || IntegerQ[ (p-1)/2])



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

4. J(c+dx)'"5ec[a+bx]"Csc[a+bx]"dlx

1: J(c+dx)mCsc[a+bx]"Sec[a+bx]"dlx when nez

Derivation: Algebraic simplification
Basis:Csc[z] Sec[z] ==2Csc[2z]
Rule: If n € z,then

J(c+dx)"‘Csc[a+bx]"Sec[a+bx]"d1x — Z"J(c+dx)”Csc[2a+2bx]"dx

Program code:

Int[(c_.+d_.*x_)"m_.*xCsc[a_.+b_.*x_]1”~n_.xSec[a_.+b_.*x_]”n_., x_Symbol] :=
2"n*Int[ (c+d*x) *mxCsc[2*xa+2xbxx]*n,x] /;
FreeQ[{a,b,c,d,m},x] & & IntegerQ[n] & & RationalQ[m]

2: J(c+dx)mCsc[a+bx]"Sec[a+bx]”dlx when (n | p) €Z Am>0 A n#p

Derivation: Integration by parts

Rule: If (N | p) eZ A m> O A n+ p, letu=stc[a+bx]"Sec[a+bx]pd1x,then

J-(c+dx)'“Csc[a+bx]"Sec[a+bx]pd1x — (c+dx)mu—dmj(c+dx)m‘1udx

Program code:

Int[(c_.+d_.*x_)"m_.xCsc[a_.+b_.*x_]”n_.xSec[a_.+b_.*x_]"p_., x_Symbol] :=
Module [ {u=IntHide [Csc[a+b*Xx] nxSec[a+b*x]"p,x]},
Dist[ (c+d*x) m,u,x] - d*m*Int[(c+d*x)"(m—1)*u,x]] /5

FreeQ[{a,b,c,d},x] && IntegersQ[n,p] && GtQ[m,0] && NeQ[n,p]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

5: Ju’“Tr‘ig[v]"Tr‘ig[w]pdlx whenu=c+dx A va=w=a+bx

Derivation: Algebraic normalization
Rule:lff u==c+dXx A v =Ww-=a+bx,then

Ju'" Trig[v]" Trig[w]?dx — J(c +dx)"Trig[a+bx]" Trig[a + bx]P dx

Program code:

Int[u_"m_.xF_[v_]1”n_.*G_[w_]"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxF [ExpandToSum[v,Xx] ] *nxG[ExpandToSum[v,x]]1*p,x] /;
FreeQ[{m,n,p},x] && TrigQ[F] && TrigQ[G] && EqQ[Vv,w] && LinearQ[{u,v,w},x] && Not[Linear‘MatchQ[{u,v,w},x]]

2: J(e+fx)"'Cos[c+dx] (a+bsin[c+dx])"dx whenmez* A n#-1

Derivation: Integration by parts

(a+bSin[c+d x])"1

Basis:Cos[c+dx] (a+bSin[c+dx])" = Ok

bd (n+1)
Rule:lf me Z* A n # -1, then
e+fx)" (a+bsin[c+dx])"* f
f(e+fx)'"Cos[c+dx] (a+bsin[c+dx])"dx — (e+Fx) (b(: infc+dx]) oy m J.(e+.|:x)"'-1 (a+bSin[c+dx])"+1d1x
(n+1) (n+1)

Program code:

Int[(e_.+Ff_.#x_) m_.*Cos[c_.+d_.*x_]«(a_+b_.*Sin[c_.+d_.*x_])*n_.,x_Symbol] :=
(e+f*x) m* (a+b*Sin[C+d*X])"(n+1)/(b*d* (n+l)) -
fam/ (bxd+ (n+1)) +Int [ (e+fxx)” (m-1) » (a+bxSin[c+dxx])” (n+1),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

Int[(e_.+f_.#x_) m_.+Sin[c_.+d_.*x_]*(a_+b_.xCos[c_.+d_.*x_])~n_.,x_Symbol] :=
—(e+-F*x)"m* (a+bxCos[c+dxx] )~ (n+1) / (bxdx (n+1)) +
fxm/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxCos[c+d*x]) " (n+1),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

3: J.(e+-Fx)"'Sec[c+dx]2 (a+bTan[c+dx])"dx whenmeZ* A n#-1

Derivation: Integration by parts

(a+b Tan[c+d x]) "1t

Basis: Sec[c+dx]? (a+bTan[c+dx])" == ok

bd (n+1)
Rule:lf me z* A n # -1, then
e+fx)" (a+bTan[c+dx])"? f
J(e+fx)m5ec[c+dx]2(a+bTan[c+dx])"d]x—> e+ fx) (b; 1[ X Yy - 1 J(e+fx)m_l (a+bTan[c+dx])"" dx
(n+1) (n+1)

Program code:

Int[(e_.+Ff_.#x_) m_.*Sec[c_.+d_.*x_]"2%(a_+b_.xTan[c_.+d_.+x_])"n_.,x_Symbol] :
(e+Ffxx) "mx (a+bxTan[c+d*x]) " (n+1) / (bxd* (n+1)) -
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxTan[c+d*x]) " (n+1),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

Int[(e_.+f_.#x_)™m_.«Csc[c_.+d_.*x_]"2#(a_+b_.xCot[c_.+d_.+x_])"n_.,x_Symbol] :
- (e+'F*x) m* (a+bxCot [c+dxx] )~ (n+1) / (bxdx (n+1)) +
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxCot [c+d*x]) " (n+1),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]



Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

4: J(e+fx)"'5ec[c+dx] Tan[c+dx] (a+bSec[c+dx])"dx whenmeZ*A n#-1

Derivation: Integration by parts

n+1

Basis:Sec[c+dx] Tan[c+dXx] (a+bSec[c+dx])" == 0O <a+bie§£:-‘1:<11)xw

Rule:lf me z* A n # -1, then

(e+fx)" (a+bsec[c+dx])"! fm

j(e+fx)"'$ec[c+dx] Tan[c+dx] (a+bSec[c+dx])"dx — -
bd (n+1) bd (n+1)

Program code:

Int[(e_.+f_.#x_) m_.+Sec[c_.+d_.*x_]Tan[c_.+d_.*x_]*(a_+b_.«Sec[c_.+d_.*x_])"n_.,x_Symbol] :
(e+f*x) “m* (a+bxSec[c+d*x] )~ (n+1) / (bxd* (n+1)) -
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxSec[c+d*x]) " (n+1),x] /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

Int[(e_.+Ff_.#x_) m_.#Csclc_.+d_.xx_]*Cot[c_.+d_.#x_]*(a_+b_.*Csc[c_.+d_.*x_])"n_.,x_Symbol] :
- (e+fxx)~mx (a+bxCsc[c+dxx]) "~ (n+1) / (bxd* (n+1)) +
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxCsc[c+d*x]) " (n+1),x] /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

J‘(e+-Fx)'"'1 (a+bSec[c+dx])"™ dx
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Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

5: J(e+fx)msin[a+bx]psin[c+dx]qd1x when (p | q) €Z* A mez

Derivation: Algebraic expansion

Rule:If (p | q) € Z* A me z,then

J(e+fx)msin[a+bx]PCos[c+dx]°'d1x — J(e+fx)"'TrigReduce[Sin[a+bx]"Cos[c+dx]°'] dx

Program code:

Int[(e_.+f_.#x_) m_.*Sin[a_.+b_.*x_]"p_.*Sin[c_.+d_.+x_]~q_.,x_Symbol] :
Int[ExpandTrigReduce[ (e+fxx)~m,Sin[a+bsx]"pSin[c+d*x]"q,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IGtQ[q,0] && IntegerQ[m]

Int[(e_.+f_.#x_)"m_.«Cos[a_.+b_.*x_]"p_.*Cos[c_.+d_.+x_]~q_.,x_Symbol] :
Int[ExpandTrigReduce[ (e+fxx)~m,Cos [a+bxx]"pxCos[c+d*x]"q,X],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IGtQ[q,0] && IntegerQ[m]

6: J(e+fx)'"$in[a+bx]"€os[c+dx]°'dlx when (p | q) € z*

Derivation: Algebraic expansion

Rule:If (p | q) € Z*, then

J(e+fx)msin[a+bx]PCos[c+dx]qdlx — J(e+-Fx)"'Tr'igReduce[Sin[a+bx]"Cos[c+dx]q] dx

Program code:

Int[(e_.+f_.#x_) m_.«Sin[a_.+b_.*x_]"p_.*Cos[c_.+d_.+x_]~q_.,x_Symbol] :=
Int [ExpandTrigReduce [ (e+fxx)~m,Sin[a+bxx]~pxCos[c+dxx]~q,Xx],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0] & IGtQ[q,O]
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Rules for integrands of the form (c+d x)~m trig(a+b x)n trig(a+b x)"\p

7: J(e+-Fx)"'Sin[a+bx]pSec[c+dx]qd1x when (p | q) €eZ*Abc-ad=0 A %—lez+

Derivation: Algebraic expansion
Rule:If (p | q) ez"Abc-ad=0 A 2-1¢cz,then

J(e+fx)m5in[a+bx]pSec[c+dx]qd1x — J(e+fx)"'TrigExpand[Sin[a+bx]"Cos[c+dx]q] dx

Program code:

Int[(e_.+f_.#x_) m_.#F_[a_.+b_.*x_]"p_.*G_[c_.+d_.*x_]"q_.,x_Symbol] :=
Int[ExpandTrigExpand[ (e+fxx) m+G[c+d+x]~q,F,c+d*x,p,b/d,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & MemberQ[{Sin,Cos},F] & MemberQ[{Sec,Csc},G] & IGtQ[p,0] & IGtQ[q,0] & EqQ[bxc-ad,8] & IGtQ[b/d,1]
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